This paper uses sequences with zero non-periodic and periodic autocorrelation funetion to establish the asyrrrptotic existence of many
,orthogonal designs with four variables. Bounds are also established for orthogonal designs of type (1, k) where k ~ 63 and (t) where I ::: 52 . and the matrices, in pairs. In particular, the existence of iJn orthosonal design of order n and type (1, k) 1S equivalent to the exIstence of a skew-symmetric weighing matrix of weisht k ana order n .
It is shown that any
It is conjectured that:
(i) for n _ 0 (mod 4) there is a weighing matrix of weight k and order n for every k::: n ;
(ii) for n _ 4 (mod 8) there is a skew-symmetric weighing matrix of order n for every k < n , except possibly k::: n -2 ,where k is the sum of < three squares of integers (equivalently, there 18 an orthogonal design of type (1, k) in order n for every k < n , except possibly k = n -2 , which is the sum of < three squares of integers). (1, 3, 6, 8) , (1, 4, 4, 9) and (2, 2, 5, 5) 
COROLLARY 7. There exist orthogonal designs of types (1, 1, 13, 13) , (1, 4, 9, 9) , (1, 2, II, 18), 0, 8, 8, 9) , (1, 9, 9, 9) , (2, 4, 4, 18) , (2, 8, 9, g), (4, 4, 9, 9) and (5, 5, 9, 9) in order 52 .
Proof. First we note there exists B = W(13, 9) which is circulant. So there exist (1, g), (9, 9) and (2, 18) in 26 constructed using two circulant matrices. This fdct together with the results of Table 3 give all the designs except (1, 1, 13, 13) .
Let T be the circulant matrix which is 1 above the diagonal and in the Table 1 .
Designs with zero non-periodic auto-correlation function (1, 1, 1, 1) (1, 1, 1, 1+)
(1, 1, 2, 2)
(1, 1, 2, 8) (1, 1, 4, 4) (1, 2, 2, 4-) (1, 2, 3, 6) (2, 2, 2, 2)
(1, 1, 1, 9) (1, 1, 8, 8) (1, 1, 9, 9) (1, 4, 4, 4) There exists a (1, 1, 2, 4, 9) design in 24 and (1, 1, 1, 4, 20) and (1, 1, g, 8, 8) designs in 40.
Proof. Use a11, abb, Oee, Ob1, dOD, eOO, bbb, Dec aeOOe, OeOOe, eOOOO, dOOOO, bbbbb, bbb11, bbbbb, bbbbb aOOOO, bOOOO, Oecce, Oeeee, Odddd, ddddd, Oeeee, Oeeee as the first rows of circulant matrices in Lemma 5 parts (viii), (iii) and (viii) respectively of [llJ. ~la;n Results THEOREM 9. Sequences of commuting variables with zero non-periodic autocorrelation function exist which give the following orthogonal designs in order 4n ~ n ~ 7 : (1, 1, 1, 1) (1, 1, 1, 4) (1, 1, 1, 9) (1, 1, 2, 2) (1, 1, 2, 8) (1, 1, 4, 4) (1, 2, 2, 4) 0, 2, 3, 6) (1, 2, 4, 8) (1, 2, 6, 12) (1, 4, 4, 4) (1, 4, 5, 5) (5, 5, 5, 5) (6, 6, 6, 6) (7,7,7,7)
Proof. Table 1 has the sequences which should be used as first rows of circulant matrices in the Goethals-Seidel array to obtain the result.
LEM~~

10.
The following orthogonal designs in order 4n can be constructed by using sequences of commuting variables with zero non-periodic auto-correlation function to form circulant matrices which are then used in the Goethals-Seidel array: (1, 2, 3, 6) , (1, 1, 4, 4) , (1, 1, 2, 8) for n 0> 3 .
,
(ii) (1, 1, 8, 8) , (1, 1, 9, 9) , (1, 4, 4, 4) for n> 5;
(iii) (1, 1, 4, 16) , (1, 2, 6, 12) for n:::: 6 ; (iv) (1, 24) , (23), (26), 0, 27) for n:::: 7 ; (v) (29), (30) for n 0> 8 .
(vi) (1, 1, 32) , (1, 35) , (31) for n > 9 . , (vii) 0, 36), (38) for n;:: 10 ;
(viii) (1, 43 a a a a   a a a a a a a ,   abbbbbb   a a a b a a a   a a a b a a a   a a a a a a , a a a a a, a a 0 a a   a a a a a a a , a a a a , a a a a a a   a a a a a a a , a a a a a a a , a a a a a a a   a a a a a a a a a a a a a a a a , a a a a a a a aaaOaaa a a a a a a a a a a a a a a a a . a a a a a a a a a a a a a a a a a a a a a a a a a a a 0 a a a a a a a a a a a , a a a a a a a a a a a b a a a a a a a a c a a a a a a a a 0 a a a a , a a a a 0 a a a a a a a a b a a a a  a a a a a a a a a  a a a a a a a a . a a a a a a a a   a a a a b a a a a , a a a a a a a a a  a a a a a a a a a , a a a a a a a a a   a a a a a a a a a a  a a a a a a a a a a   aaaabaaaa, a a a a 0 a a a a   a a a a a a a a a a , a a a a a a a a a a  a a a a a a a a a  a a a a a a a a a   a a a a a a a a a a a  a a a a a 0 a a a a a  a a a a a a a a a  a a a a a a a a a   a a a a a d a a a a a   a a a a a a a a a a a   a a a a a b a a a a a   a a a a a 0 a a a a a . a a b a a a a c a a . a a b a a a a c a a   a a a a a a a a a a a , a a a a a a a a a a , a a a a a a a a a a   a a a a a a a a a a a. a a a a a a a a a a a . a a a a a a a a a a a   (1, 44) (1, 1, 40)
( 1, 51) (1, 1, 17, 17) (1, 2, 66) a a a a a a a a a a a a a 0 a a a a b a a a a 0 a a a a a a a a a a a a a a   a a a a a a a a a a a a   a a a a a a a a a a a a a a a a a a a b a a a a a a a a a a a a a a a a a a a a a a a b a a a a a a a a a a 0 a a a a a a 0 a a a a c a a a a 0 a, a 0 a a a a 0 a a a a 0 a a 0 a a a a 0 a a a a 0 a a a a a a a 0 a a a a a a, a a a a a a a a a a a   a a a a a a a a a a a   a a a a a a a a a a a a   a a a a a a a a a a a a  a a a a a a a a a a a a   a a a a a a a a a a a a a, a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a  a a a a b a a a a a a a a a a a a a , a a a a a a a a 0 a a a a a a a a a a a a a a a a c a a a a a a a a (ix) (1, l~4) , (48 ) for ? ::: 12 ; (x) (47) , (50) ) (1, 5!) for n ~ 13 ;
(xi) (1, 1, 17, 17 ) for n ~ 15 ;
(xii) ( 1, 2, 65) for n ~ 18 J'
(xiii) (1O, 10, 13, 13 ) for n ~ 14
Proof. Use the sequences from Tables 1 and 2 Proof. Use Tables 1 and 2. THEOREM 12. There exist orthogonal designs of order 4n and type (1, k) when (i) for n::: t J t;::: 3, 5, 7 .. k E {x (1, 4, 13) (1, 1, 40) n ~ 13
(1, 1, 25) (1, 1, 50) n> 15 (1, 4, 26) (1, 1, 29) (1, 1, 58) (1, 52) abaO 3~ aOaO 3 ' nnc ceO c ceO c c c 0n_11 '"
Jor n > 9 3 k X: x ~ 35, x : : : : a +b +c , x r 34 ; ( •.
•.
•. ) , k E { 43 2 b 2 2 • 34 37 2}
""I> Jor n > 11 .J x x::: ,x:::: a + +c "x.,..
• ,4-
for n ~ 13 .. k E {x x <: 51, x 2 2 2 :::: a +b +c , x t 34, 37, 42, 45, 46, 4-8, 49} ; (v) for n ::: 15 .. k E {x x::: 59, x 2 2 2 :::: a +b +c , x 1: 34, 37, 42, 45, 46, 48, 49, 53, 54, 56, 57} ; (vi) for n ::: 16 " k E {x x <: 63, x 2 2 2 :::: a +lJ +c • x"l 37, Lf2, 45, 46, 48, 49, 53, 54, 56, 57, 60, 61, 62, 53} In all cases when n ~s odd it is possible to construct the designs using four circulant matrices in the Goethals-Seidel array.
Proof. We use Table 1 to obtain the result for n:::' 3 and k:::: 12, 16, 17, 18, 19 for n::: 5. Table 4 -gives (1, 14) for odd n::: 5 dnd (1, 13) for odd n > 7
We noted above that (1, 13) exists in 20 and both (1, 13) and (1, 14) exist in 16 and 24 which gives the result.
For n::: 7 Tables 2 and 4-give the result immediately except for (1, 25) . Table 4 -gives (1, 25) for n::: 9 and its existence in 32, 4-0, Lf8, 56' follows because (1, 1, 12, 12) exists in these orders. The existence of (1, 25) In order 28 gives the result for (1, 25) Tables 1, 2 and 4 give the result immediately except for (1, 29) and (1, 30) . Table Lf gives these two in odd orders ::: 15 Table 2 gives the result immediately for (1, 32) and (1, 33) in orders n ::: 9 Table 4 gives (1, 30) for n (odd) ::: 9 and (1, 29) fat' n (odd) ::: 15 .
Both (1, 30) and (1, 29) exist in orders 32, 40, 48 and 56. \t,'e exhibit first rows of four circulant matrices which give (1, 29) This gives the result.
For n > 11 we consider k E {36, 38,' 40', 41, 43} existence of (1, 41) in order 48 gives the result.
Tables 2, 4 and the For n::: 13 we consider k E {44, 50, 5l}. Table 2 gives the result for k = 44, 51. Table 4 -gives (1, 50) for n (odd) ::: 13 so the existence of (1, 50) in 56, 64, 72, ... (which follows since (1,25) exists in 4m. m::: 7 ) , gives the result. Table 4 gives (1, k) for k E {52, 58, 59} in orders 4n , n (odd) -;:: IS .
(1, 26) and (1, 29) exist in orders 32 and 4m , m> 9
Hence we have (1, 52) , (1, 58) and (1, S9 ) in orders 64, 72, 80, which gives the result. Table 2 gives (1, 34) in all 4m , m > 15 . Tables I and 4 .
Comments on the Tables
We now discuss the unalysis und method which led to the results of and so using n = 2k ,
s .. lJ
Now the single zero element of Al must occur in precisely n -1 = 2k -1 of the pairs {(a 1 ,x' a 1 ), x " y} ,y
, and thus n(n-l) 2 -(2k-l) -k + 1 (mod 2) (using n = 2k ) which contradicts (2) when (3) is considered.
The lemma now follows, since the length of the four sequences must be at least 2k if their weight is Bk -1 .
A computer search has been made for 4--cornplementary sequences with one variable, of various weights w In fact, no case has been found of a configuration .of zeros wh..ich bas resultant s.. satisfying (1) , but for wh..icb there are no complementary sequences. lJ
Once the desired configuration of zeros was determined, the search was made in a stra..ight-forward manner by laking first the non-zero elements amongst T = 1 a 3 l' a 4 l' a 1 ' a 2 ' a 3 ' a 4 ) , , , ,n ,n ,n ,n progressing through all possible combinations until one was found satisfying X 1 = 0 , thence proceeding to non-zero elements amongst nand finding a combination satisfying X 2 = 0 , etc. In this T(n+l)/2 = {a 1 ,(n+l)/2' a 2 ,(n+l)/2' a 3 ,(n+l)/2' a 4 ,(n+l)/2} ) the remainder of the conditions X. = 0 were checked. In this wayan exhaustive search, for a given J configuration of 2eros, was carried out.
